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Abstract
The planar Ramsey number PR(H1, H2) is the smallest integer n such that any planar graph on n vertices contains a copy of
H1 or its complement contains a copy of H2. It is known that the Ramsey number R(C4, K7) = 22. The planar Ramsey numbers
PR(C4, Kl ) for l ≤ 6 are known. In this paper we show that PR(C4, K7) = 20.
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1. Introduction
We consider only finite undirected graphs without loops or multiple edges. For a graph G with vertex set V (G)
and edge set E(G), we denote the order and the size of G by p(G) = |V (G)| and q(G) = |E(G)|, respectively.
A graph G will be called an (H1, H2)-graph if it does not contain a subgraph isomorphic to H1, and its complement
G has no subgraph isomorphic to H2. An (H1, H2; n)-graph is an (H1, H2)-graph with order n. The Ramsey number
R(H1, H2) is the smallest integer n such that there is no (H1, H2; n)-graph, or equivalently, it is the smallest integer
n such that every 2-coloring of the edges of Kn contains a subgraph isomorphic to H1 in the first color or a subgraph
isomorphic to H2 in the second color.
A graph is said to be embedded in a surface S when it is drawn on S so that no two edges intersect. A graph is
planar, if it can be embedded in the plane; a plane graph has already been embedded in the plane. We refer to the
regions defined by a plane graph as its faces. A face is said to be incident with the vertices and edges in its boundary.
The length of a face is the number of edges with which it is incident. If a face has length α, we say it is an α-face. For
a plane graph G, let f denote the number of faces, and fα denote the number of α-faces.
A planar graph G will be called an (H1, H2)-P-graph if it does not contain a subgraph isomorphic to H1, and
its complement G has no subgraph isomorphic to H2. An (H1, H2; n)-P-graph is an (H1, H2)-P-graph with order
n. The planar Ramsey number PR(H1, H2) is the smallest integer n such that there is no (H1, H2; n)-P-graph. So
PR(H1, H2) ≤ R(H1, H2).
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Let d(v) denote the degree of a vertex v ∈ V (G), δ(G) the minimum degree of G. The neighborhood and the
closed neighborhood of a vertex v ∈ V (G) are denoted by N (v) = {u ∈ V (G)|uv ∈ E(G)} and N [v] = N (v) ∪ {v},
respectively. Let G ∪ H be a disjoint sum of G and H , and nG a disjoint sum of n copies of G. Let G〈W 〉 be the
subgraph of G induced by W ⊆ V (G).
The Ramsey number R(C4, K7) = 22 was given by Radziszowski and Kung-Kuen Tse [8]. The definition of planar
Ramsey numbers was firstly introduced by Walker [9]. Steinberg and Tovey [6] studied the case when both H1 and
H2 are complete. They proved that
PR(K2, Kl) = l,
PR(Kk, K2) = k, k ≤ 4,
PR(K3, Kl) = 3l − 3,
PR(Kk, Kl) = 4l − 3, k ≥ 4 and (k, l) 6= (4, 2).
For a connected graph H with order at least 5, Gorgol [5] proved that
PR(H, Kl) = 4l − 3.
Bielak and Gorgol [3] studied the case when H1 has order at most 4 and H2 is complete, and proved that
PR(K1,2, Kl) = 2l − 1,
PR(2K2, Kl) = l + 2, l ≥ 2,
PR(K1,3, Kl) = PR(P4, Kl) = PR(K1,3 + e, Kl) = 3l − 2, l ≥ 2,
PR(K4 − e, K3) = PR(C4, K3) = 7,
PR(K4 − e, K4) = PR(C4, K4) = 10.
It is shown that [7]
PR(K4 − e, K5) = 14.
Bielak and Gorgol [1] proved that
PR(C4, K5) = 13.
Bielak [2] proved that
PR(C4, K6) = 17,
and
PR(C4, Kl) ≥ 3l + b(l − 1)/5c − 2. (1.1)
Dudek and Rucin´ski [4] showed
Theorem 1.1. 20 ≤ PR(C4, K7) ≤ 21.
In this paper, we study the case when (H1, H2) = (C4, K7). By the lemmas in Section 2, we prove that
PR(C4, K7) = 20.
For a 3-connected planar graph, Whitney [10] showed that
Whitney’s Theorem. A 3-connected planar graph has a unique planar embedding.
Hereafter, we discuss a 3-connected planar graph in its unique planar embedding unless specified otherwise.
2. Preliminary results
Lemma 2.1. If G is a planar graph such that C4 6⊆ G, then q(G) ≤ b15(p(G)− 2)/7c.
Y. Sun et al. / Discrete Mathematics 308 (2008) 5841–5848 5843
Fig. 2.1. The graphs G8−0 and G9−0.
Proof. Counting edges via faces of G yields 3 f3+5( f − f3) ≤ 2q . By Euler’s equation, 3 f3+5(q− p+2− f3) ≤ 2q
implying 3q ≤ 5p + 2 f3 − 10, namely,
f3 ≥ (3q − 5p + 10)/2. (2.1)
Since C4 6⊆ G, no two triangles have a common edge, it follows that 3 f3 ≤ q. Hence, we have 3q ≤ 5p+ 2q/3− 10,
that is, q ≤ b15(p − 2)/7c. 
Lemma 2.2. If G is a (C4, Kl; n)-P-graph, then δ(G) ≥ n − PR(C4, Kl−1).
Proof. We prove it by way of contradiction. Assume that δ(G) < n−PR(C4, Kl−1). Let v be a vertex of degree δ(G)
and H = G − N [v], then p(H) ≥ PR(C4, Kl−1). Since C4 6⊆ H , we have Kl−1 ⊆ H . The appropriate l − 1 vertices
of H together with v would yield a Kl in G, a contradiction. So, δ(G) ≥ n − PR(C4, Kl−1). 
Lemma 2.3. If G is a (C4, K3; 5)-P-graph, then G ∼= C5 or (K2 ∪ K3) ⊆ G.
Proof. If K3 6⊆ G, then since C5 is the only (K3, K3; 5)-graph, we have G ∼= C5. If K3 ⊆ G, let v1v2v3 be a triangle
of G, and v4 and v5 be the other vertices. Since C4 6⊆ G, each vertex of {v4, v5} is adjacent to at most one vertex
of {v1, v2, v3}. So, there is at least one vertex of {v1, v2, v3}, say v3 which is adjacent neither to v4 nor to v5. Since
K3 6⊆ G, we have v4v5 ∈ E(G), i.e., (K2 ∪ K3) ⊆ G. 
The following lemma was established by Bielak and Gorgol:
Lemma 2.4 ([1]). If G is a (C4, K3; 6)-P-graph, then 2K3 ⊆ G.
Let G8−0 be the graph as shown in Fig. 2.1, we have:
Lemma 2.5. If G is a (C4, K4; 8)-P-graph, then (K2 ∪ 2K3) ⊆ G or (K3 ∪ C5) ⊆ G or G8−0 ⊆ G.
Proof. Let v be a vertex of degree δ(G) and H = G − N [v]. By Lemma 2.1, we have q(G) ≤ b15(8− 2)/7c = 12.
Hence δ(G) ≤ 3. Suppose that δ(G) = 3, then G is a 3-regular graph. By inequality (2.1), we have f3 ≥ 3. Since
C4 6⊆ G, the triangles are edge disjoint. Since G is a 3-regular graph, the triangles are vertex disjoint. So |V (G)| ≥ 9,
a contradiction. Hence δ(G) ≤ 2. Since PR(C4, K3) = 7, by Lemma 2.2, we have δ(G) ≥ 1. There remain two cases
depending on δ(G):
Case 1. Suppose that δ(G) = 1, then p(H) = 6. By Lemma 2.4, we have 2K3 ⊆ H . Hence, it follows that
(K2 ∪ 2K3) ⊆ G.
Case 2. Suppose that δ(G) = 2, then p(H) = 5. By Lemma 2.3, H ∼= C5 or (K2 ∪ K3) ⊆ H . Let N (v) = {u1, u2}.
If u1u2 ∈ E(G), then (K3 ∪ C5) ⊆ G or (K2 ∪ 2K3) ⊆ G. If u1u2 6∈ E(G), there are two subcases:
Case 2.1. Suppose that H ∼= C5, let a1a2a3a4a5 be the C5. If each vertex of {u1, u2} is adjacent to at most one vertex
of V (C5), there are at least three vertices of V (C5) which are adjacent neither to u1 nor to u2. Then the two of three
vertices which are nonadjacent, together with u1 and u2 would yield a K4 in G, a contradiction. Hence there is at least
one vertex of {u1, u2}, say u1, which is adjacent to at least two vertices of V (C5). Therefore since C4 6⊆ G, u1 has to
be adjacent to just two consecutive vertices, say u1a1, u1a2 ∈ E(G). Since K4 6⊆ G, u2 has to be adjacent to at least
one vertex of {a3, a5}, say a3. Hence, we have G8−0 ⊆ G.
Case 2.2. Suppose that (K2 ∪ K3) ⊆ H . Let a1a2 and b1b2b3 be the K2 and K3. Since δ(G) = 2, there are two
subcases:
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Fig. 2.2. The graphs G12−1–G12−5 and G9−0 ∪ K3.
Case 2.2.1. Suppose that there is at least one vertex of {u1, u2}, say u1, which is adjacent to at least two vertices of
{a1, a2, b1, b2, b3}. Since C4 6⊆ G, u1 is adjacent to at most one vertex of {b1, b2, b3}. If u1 is adjacent to both
a1 and a2, then K2 ∪ 2K3 ⊆ G. If u1 is adjacent to one vertex of {a1, a2} and one vertex of {b1, b2, b3}, say
u1a1, u1b1 ∈ E(G), then since d(u2) ≥ 2 and C4 6⊆ G, u2 has to be adjacent to at least one vertex of {a2, b2, b3}.
If u2a2 ∈ E(G), then (K3 ∪ C5) ⊆ G. If u2a2 6∈ E(G), u2 has to be adjacent to one vertex of {b2, b3}, say
u2b2 ∈ E(G). If a2b3 6∈ E(G), then a2, b3, u1 and u2 would yield a K4 in G, a contradiction. Hence a2b3 ∈ E(G),
that is, G8−0 ⊆ G.
Case 2.2.2. Suppose that each vertex of {u1, u2} is adjacent to just one vertex of {a1, a2, b1, b2, b3}. By symmetry, we
may assume that u1a1, u2b1 ∈ E(G) or u1a1, u2a2 ∈ E(G) or u1b1, u2b2 ∈ E(G). If u1a1, u2b1 ∈ E(G), then since
C4 6⊆ G, a2 is nonadjacent to at least one vertex of {b2, b3}, say b2, then u1, u2, a2 and b2 would yield a K4 in G, a
contradiction. If u1a1, u2a2 ∈ E(G), then (K3 ∪ C5) ⊆ G. If u1b1, u2b2 ∈ E(G), then b3 has to be adjacent to both
a1 and a2 (otherwise there would be a K4 in G), that is, (K3 ∪ C5) ⊆ G. 
Let G9−0 be the graph as shown in Fig. 2.1, the following lemma is also established by Bielak and Gorgol:
Lemma 2.6 ([1]). If G is a (C4, K4; 9)-P-graph, then 3K3 ⊆ G or G9−0 ⊆ G.
Let G12−i for 1 ≤ i ≤ 5 and G9−0 ∪ K3 be the graphs as shown in Fig. 2.2. By Lemmas 2.5 and 2.6 and an
argument similar to the one in the proof of Lemma 2.5, we can prove the following lemma:
Lemma 2.7. If G is a (C4, K5; 12)-P-graph, then G12−i ⊆ G(1 ≤ i ≤ 5) or (G9−0 ∪ K3) ⊆ G or 4K3 ⊆ G.
Corollary 2.8. If G is a (C4, K5; 12)-P-graph, then G is isomorphic to one graph of {G12−1,G12−2,G12−3,G12−3+
v1v4,G12−3 + v1v4 + v1v5,G12−4,G12−4 + v3v4,G12−5,G12−5 + v2v6} or (G9−0 ∪ K3) ⊆ G or 4K3 ⊆ G.
Let G16−0 be the graph as shown in Fig. 2.3, we have
Lemma 2.9. If G is a (C4, K6; 16)-P-graph, then G16−0 ⊆ G.
Proof. Let v be a vertex of degree δ(G) and H = G−N [v]. By Lemma 2.1, we have q(G) ≤ b15(16−2)/7c = 30. So,
δ(G) ≤ 3. Since PR(C4, K5) = 13, by Lemma 2.2, we have δ(G) ≥ 3. Hence δ(G) = 3 and p(H) = 12. Let N (v) =
{u1, u2, u3}. Since C4 6⊆ G, we have |E(G〈N (v)〉)| ≤ 1. Without loss of generality, we assume that u1u2, u1u3 6∈
E(G). Since δ(G) = 3 and C4 6⊆ G, G〈N [v]〉 cannot lie in any triangle of H . By Corollary 2.8, H is isomorphic to
one graph of {G12−1,G12−2,G12−3,G12−3+v1v4,G12−3+v1v4+v1v5,G12−4,G12−4+v3v4,G12−5,G12−5+v2v6}
or (G9−0 ∪ K3) ⊆ H or 4K3 ⊆ H .
Since C4 6⊆ G, we have
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Fig. 2.3. The graph G16−0.
Claim 1. If vi and v j are the two vertices with distance 2, then there is at least one vertex of {vi , v j } which is
nonadjacent to u1 and at least one vertex of {u2, u3}.
Case 1. Suppose that H ∼= G12−1. By symmetry it is sufficient to consider that G〈N [v]〉 lies in region I, II or III.
If G〈N [v]〉 lies in region I, then u1, u2, v3, v4, v5 and v6 would yield a K6 in G, a contradiction. If G〈N [v]〉 lies in
region II, then u1, u2, v4, v6, v7 and v9 would yield a K6 in G. If G〈N [v]〉 lies in region III, by Claim 1, there is at least
one vertex of {v3, v4}, say v3, which is nonadjacent to u1 and one vertex of {u2, u3}, say u2. Then u1, u2, v3, v2, v9
and v12 would yield a K6 in G.
Case 2. Suppose that H ∼= G12−2. By symmetry it is sufficient to consider that G〈N [v]〉 lies in region I. In this case,
u1, u2, v10, v3, v8 and v9 would yield a K6 in G, a contradiction.
Case 3. Suppose that H is isomorphic to one graph of {G12−3,G12−3 + v1v4,G12−3 + v1v4 + v1v5}. By symmetry
it is sufficient to consider that G〈N [v]〉 lies in region I, II, III or IV. If G〈N [v]〉 lies in region I, then by Claim 1,
there is at least one vertex of {v8, v9}, say v8, which is nonadjacent to u1 and one vertex of {u2, u3}, say u2. Then
u1, u2, v8, v2, v5 and v11 would yield a K6 in G. If G〈N [v]〉 lies in region II, then u1, u2, v9, v11, v1 and v6 would
yield a K6 in G. If G〈N [v]〉 lies in region III, then by Claim 1, there is at least one vertex of {v2, v3}, say v2, which is
nonadjacent to u1 and one vertex of {u2, u3}, say u2. Then u1, u2, v2, v5, v6 and v12 would yield a K6 in G.
The remaining case is that G〈N [v]〉 lies in region IV. If v1 is adjacent to at least one vertex of {v4, v5}, say
v1v4 ∈ E(G), then u1, u2, v2, v8, v9 and v11 would yield a K6 in G. If H ∼= G12−3, then by Claim 1, there is at least
one vertex of {v2, v3}, say v2, which is nonadjacent to u1 and one vertex of {u2, u3}, say u2. Then u1, u2, v2, v8, v9
and v11 would yield a K6 in G.
Case 4. Suppose that H is isomorphic to one graph of {G12−4,G12−4+ v3v4}. Since d(v1) ≥ 3, G〈N [v]〉 has to lie in
region I or II, say I. By Claim 1, there is at least one vertex of {v2, v12} which is nonadjacent to u1 and one vertex of
{u2, u3}, say u2. If v2u1, v2u2 6∈ E(G), then u1, u2, v2, v5, v6 and v11 would yield a K6 in G. If v12u1, v12u2 6∈ E(G),
then u1, u2, v12, v4, v5 and v8 would yield a K6 in G.
Case 5. Suppose that H is isomorphic to one graph of {G12−5,G12−5 + v2v6}. Since d(v1) ≥ 3, G〈N [v]〉 has to lie
in region I or II. Suppose that G〈N [v]〉 lies in region I. If u2u3 6∈ E(G), then u1, u2, u3, v3, v7 and v12 would yield
a K6 in G, a contradiction. Hence, we have u2u3 ∈ E(G). Assume that u1 is nonadjacent to at least one vertex of
{v1, v2}, say v1. Since C4 6⊆ G, v1 is nonadjacent to at least one vertex of {u2, u3}, say u2. Then u1, u2, v1, v3, v7 and
v12 would yield a K6 in G, a contradiction. Hence, we have u1v1, u1v2 ∈ E(G). Since d(ui ) ≥ 3 and C4 6⊆ G, there
is a perfect matching between vertex sets {u2, u3} and {v5, v11}, say u2v5, u3v11 ∈ E(G) (see Fig. 2.4, graph G16.1).
So, G16−0 ⊆ G.
The remaining case is that G〈N [v]〉 lies in region II. If u2u3 6∈ E(G), then u1, u2, u3, v3, v7 and v10 would yield
a K6 in G, a contradiction. Hence, we have u2u3 ∈ E(G). If H is isomorphic to G12−5 + v2v6, by Claim 1, there is
at least one vertex of {v2, v5} which is nonadjacent to u1 and one vertex of {u2, u3}, say u2. If v2u1, v2u2 6∈ E(G),
then u1, u2, v2, v3, v9 and v10 would yield a K6 in G. If v5u1, v5u2 6∈ E(G), then u1, u2, v5, v3, v9 and v11 would
yield a K6 in G. Now, we consider the case that H is isomorphic to G12−5. Assume that u1 is nonadjacent to at
least one vertex of {v1, v2}, say v1. Since C4 6⊆ G, v1 is nonadjacent to at least one vertex of {u2, u3}, say u2. Then
u1, u2, v1, v3, v7 and v10 would yield a K6 in G, a contradiction. Hence, we have u1v1, u1v2 ∈ E(G). If there exists
one vertex of {u2, u3}, say u2, which is adjacent neither to v5 nor to v11, then u1, u2, v5, v11, v3 and v9 would yield
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Fig. 2.4. The graphs G16.1–G16.3.
a K6 in G. Therefore since C4 6⊆ G, there is a perfect matching between vertex sets {u2, u3} and {v5, v11}, say
u2v5, u3v11 ∈ E(G) (see Fig. 2.4, graph G16.2). So, G16−0 ⊆ G.
Since C4 6⊆ G and δ(G) = 3, we have:
Claim 2. A triangle cannot lie in any pentagon of G alone.
Case 6. Suppose that (G9−0 ∪ K3) ⊆ H . Since d(v4) ≥ 3, at least one of {G〈N [v]〉, triangle v1v2v3} has to lie
in region I or II. By Claim 2, the triangle v1v2v3 cannot lie in any pentagon of G alone. Hence both v1v2v3 and
G〈N [v]〉 have to lie in region I or II, say I. Assume that |E(G〈N (v)〉)| = 0. If there is one vertex of {v1, v2, v3},
say v1, which is nonadjacent to any vertex of {u1, u2, u3}, then u1, u2, u3, v1, v7 and v12 would yield a K6 in
G. Therefore since C4 6⊆ G, there is a perfect matching between vertex sets {u1, u2, u3} and {v1, v2, v3}, say
u1v1, u2v2, u3v3 ∈ E(G). But now, by planarity, there is at least one vertex of {u1, u2, u3} whose degree is 2, a
contradiction. Hence |E(G〈N (v)〉)| = 1, namely, u2u3 ∈ E(G).
Suppose that v4 is nonadjacent to any vertex of {u1, u2, u3}. Since C4 6⊆ G, v4 is nonadjacent to at least two
vertices of {v1, v2, v3}, say v1 and v2. Similarly, since C4 6⊆ G, u1 is nonadjacent to at least one vertex of {v1, v2},
say v1. And v1 is nonadjacent to at least one vertex of {u2, u3}, say u2. Then u1, u2, v1, v4, v7 and v12 would yield a
K6 in G, a contradiction. Therefore since C4 6⊆ G, v4 is adjacent to just one vertex of {u1, u2, u3}. By symmetry, we
may assume that u3v4 ∈ E(G) or u1v4 ∈ E(G).
Case 6.1. Suppose that u3v4 ∈ E(G). If there is one vertex of {v1, v2, v3}, say v1, which is nonadjacent to any vertex
of {u1, u2, v4}, then u1, u2, v4, v1, v7 and v12 would yield a K6 in G, a contradiction. Therefore since C4 6⊆ G, there
is a perfect matching between vertex sets {u1, u2, v4} and {v1, v2, v3}, say u1v1, u2v2, v4v3 ∈ E(G) (see Fig. 2.4,
graph G16.3). Since C4 6⊆ G, u1 is nonadjacent to at least one vertex of {v5, v6}, say v5. Moreover since C4 6⊆ G, v5
is nonadjacent to at least one vertex of {u3, v3}, say u3. But now u1, u3, v5, v2, v8 and v12 would yield a K6 in G.
Case 6.2. Suppose that u1v4 ∈ E(G). Since C4 6⊆ G, u1 is nonadjacent to at least one vertex of {v5, v6}, say
u1v5 6∈ E(G). Similarly, v5 is nonadjacent to at least one vertex of {u2, u3}, say v5u2 6∈ E(G). If there is one vertex
of {v1, v2, v3}, say v1, which is nonadjacent to any vertex of {u1, u2, v5}, then u1, u2, v5, v1, v8 and v12 would yield
a K6 in G, a contradiction. Therefore since C4 6⊆ G, there is a perfect matching between vertex sets {u1, u2, v5} and
{v1, v2, v3}, say u1v1, u2v2, v5v3 ∈ E(G) (see Fig. 2.5, graph G16.4). If u3v5 6∈ E(G), then u1, u3, v2, v5, v8 and v12
would yield a K6 in G. Hence, u3v5 ∈ E(G). Then we have u1v6 ∈ E(G), since otherwise u1, u3, v2, v6, v7 and v12
would yield a K6 in G. So, G16−0 ⊆ G (see Fig. 2.5, graph G16.5).
Case 7. Suppose that H ⊆ 4K3. Let a1a2a3, b1b2b3, c1c2c3 and d1d2d3 be the four triangles. Assume that there is at
least one vertex of {u1, u2, u3}, say u1, whose degree is 3. Let H12 ∼= G〈V (G) − N [u1]〉. Since C4 6⊆ G, we have
4K3 6⊆ H12. And by the proof of Case 1–6, the lemma follows. Hence, each vertex of {u1, u2, u3} has degree at least
4. There are two cases depending on |E(G〈N (v)〉)|:
Case 7.1. Suppose that |E(G〈N (v)〉)| = 0, then there are at least 9 edges between vertex sets of {u1, u2, u3} and
V (G)− N [v]. And there is at least one triangle of {a1a2a3, b1b2b3, c1c2c3, d1d2d3} whose three vertices are adjacent
to u1, u2 and u3 respectively, say a1u1, a2u2, a3u3 ∈ E(G). Then since d(ui ) ≥ 4 for 1 ≤ i ≤ 3, there is one triangle
of {b1b2b3, c1c2c3, d1d2d3} which has to lie in a pentagon of G alone, a contradiction to Claim 2.
Case 7.2. Suppose that |E(G〈N (v)〉)| = 1, that is, u2u3 ∈ E(G). Since C4 6⊆ G, u2 and u3 cannot be adjacent
to the vertices of same triangle. Therefore since d(ui ) ≥ 4, both u2 and u3 have to be adjacent to the vertices of
two triangles, say u2a1, u2b1, u3c1, u3d1 ∈ E(G). Since d(u1) ≥ 4 and C4 6⊆ G, u1 is adjacent to the vertices of
at least three triangles, say u1a2, u1b2, u1c2 ∈ E(G). Then G〈{u3, c1, c2, c3, d1, d2, d3}〉 has to lie in region I or II,
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Fig. 2.5. The graphs G16.4–G16.6.
say I. Since d(b3) ≥ 3 and C4 6⊆ G, b3 has to be adjacent to a3 (see Fig. 2.5, graph G16.6). If d(c1) ≥ 4, then since
C4 6⊆ G, c1 has to be adjacent to d1. Therefore since d(c3) ≥ 3 and C4 6⊆ G, c3 has to be adjacent to a1. Then
the triangle d1d2d3 has to lie in a pentagon of G alone, a contradiction to Claim 2. Hence, we have d(c1) = 3, and
(G9−0 ∪ K3) ⊆ G〈V (G)− N [c1]〉. By the proof of Case 6, the lemma holds. 
Corollary 2.10. If G is a (C4, K6; 16)-P-graph, then G is isomorphic to G16−0 or G16−0 + v10v12.
3. Main result
Lemma 3.1. PR(C4, K7) ≤ 20.
Proof. We prove it by way of contradiction. Suppose that PR(C4, K7) > 20, then there is a (C4, K7; 20)-P-graph
G. Let v be a vertex of degree δ(G) and H = G − N [v]. By Lemma 2.1, we have q(G) ≤ b15(20 − 2)/7c = 38.
So, δ(G) ≤ 3. Since PR(C4, K6) = 17, by Lemma 2.2, we have δ(G) ≥ 3. Hence, δ(G) = 3 and p(H) = 16. By
Corollary 2.10, it follows that H ∼= G16−0 or H ∼= G16−0 + u10u12.
Let N (v) = {u1, u2, u3}. Since C4 6⊆ G, we have |E(G〈N (v)〉)| ≤ 1. Without loss of generality, we assume that
u1u2, u1u3 6∈ E(G). Since δ(G) = 3 and C4 6⊆ G, G〈N [v]〉 cannot lie in any triangle of H . By symmetry it is
sufficient to consider that G〈N [v]〉 lies in region I, II, III or IV. If G〈N [v]〉 lies in region I, then u1, u2, v8, v7, v13, v9
and v10 would yield a K7 in G, a contradiction. If G〈N [v]〉 lies in II, then u1, u2, v6, v5, v13, v11 and v12 would yield
a K7 in G. If G〈N [v]〉 lies in III, then u1, u2, v6, v1, v15, v3 and v12 would yield a K7 in G. If G〈N [v]〉 lies in IV,
then u1, u2, v2, v5, v13, v7 and v4 would yield a K7 in G.
Hence there is no (C4, K7; 20)-P-graph. 
By Theorem 1.1 and Lemma 3.1, we have
Theorem 3.2. PR(C4, K7) = 20.
Furthermore, we have the following conjecture,
Conjecture 3.3. PR(C4, Kl) = 3l + b(l − 1)/5c − 2.
By Bielak and Gorgol [1–3] and Theorem 3.2, we can conclude that Conjecture 3.3 holds for l ≤ 7.
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